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We analyze the corrections caused by finite size effects upon the ground state properties of a
homogeneous one-dimensional Bose–Einstein condensate. We assume from the very beginning that
the Bogoliubov’s formalism is valid and consequently we show that in order to obtain a well defined
ground state properties, finite size effects of the system must be taken into account. Indeed, the
formalism described in the present work allows to recover the usual properties related to the ground
state of a homogeneous one–dimensional Bose–Einstein condensate but corrected by finite size ef-
fects of the system. Finally, this scenario allows us to analyze the sensitivity of the system when
the Bogoliubov’s regime is valid and when finite size effects are present. These facts open the possi-
bility to apply these ideas to more realistic scenarios, e.g., low–dimensional trapped Bose–Einstein
condensates.
PACS numbers: 03.75.Hh, 03.75.Nt
I. INTRODUCTION
The quantum nature of Bose–Einstein condensates has
been arduously investigated over the last years from both,
the experimental and the theoretical point of view [1, 2].
Even more, due to its quantum nature and its high ex-
perimental precision Bose–Einstein condensates could be
also used as relevant test tools in gravitational physics
[3, 4]. One importan feature related to this phenomenon
is the analysis and study of lower dimensional Bose–
Einstein condensates, see for instance [5, 6] and refer-
ences therein. Although, one–dimensional Bose–Einstein
condensates can never be reached, it is possible to obtain
quasi–one–dimensional Bose–Einstein condensates by us-
ing very extremely anisotropic traps, leading to the ob-
tention of quasi–one–dimensional Bose–Einstein conden-
sates in laboratories [6].
Here it must mentioned that one–dimensional Bose–
Einstein condensates has some pathological behavior in
the thermodynamic limit [7]. In order to make the con-
densation possible, finite size effects of the system are
required and consequently, the ground state energy per
particle contributions must be taken into account.
In a serie of papers [8] it was showed that a one-
dimensional system of zero-range interacting bosons in
a flat–bottom box is exactly integrable via Bethe anzats,
for all values of the coupling strength. The properties of
the ground state in a box provides an input for a uni-
fied beyond-mean-field treatment of trapped quasi-one-
dimensional atomic gases. However, due to the pecu-
liarities exposed in [7] for low dimensional systems, par-
ticularly for one–dimensional Bose–Einstein condensates,
is interesting to analyze and to explore the behavior of
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these systems when finite size corrections are taken into
account. In other words, it is important to analyze the
sensitivity of these systems to finite size corrections. As
mentioned above, in the works [8] some properties of
the one–dimensional Bose–Einstein condensate was an-
alyzed, for instance the energy of the ground state, the
pressure and consequently the corresponding speed of
sound. Moreover, in such papers it was showed that for
dense systems in one dimension the Bogoliubov’s formal-
ism is appropriate to describe the properties of the corre-
sponding N–body ground state in a certain regime. The
scenario analyzed in [8] has a one nontrivial coupling con-
stant which is proportional to the strength of the interac-
tions and inverse proportional to the density of particles.
When this coupling constant is small enough, i.e., the
system lies in regime of high densities, the Bogoliubov’s
theory is seen to be valid “at leas as far as the energy of
the ground state energy is concerned” as was emphasized
in the aforementioned works.
In this aim, we will explore the properties of the ground
state of a one–dimensional Bose–Einstein condensate as-
suming that the Bogoliubov’s formalism is valid from the
very beginning. However, as we will show later in the
manuscript, a new ingredient is required in order to ob-
tain a well define ground state properties, i.e., finite size
corrections must be taken into account. We will probe
that if one assumes that Bogoliubov’s regime is valid,
then finite size effects of the system are also needed in
order to obtain a well defined ground state energy, ground
state pressure and consequently a well defined speed of
sound. It is remarkable that finite size corrections of the
system allows us to recover the properties of the ground
state exposed in Refs. [8], like the ground state energy
and consequently the corresponding speed of sound in the
limit of the Bogoliubov’s regime validity. However, these
properties would be corrected by the finite size contribu-
tions of the system. These facts motivate the analysis
2of the sensitivity of the one–dimensional system to fi-
nite size corrections. Clearly, the research exposed in the
present manuscript must be extended to more realistic
situations, i.e., trapped one–dimensional Bose–Einstein
condensates. This feature will be presented elsewhere.
In the present manuscript we will explore the proper-
ties of the ground state energy, assuming from the very
beginning that the use of the Bogoliubov’s formalism is
correct. Furthermore, we will probe that if the finite size
effects of the system are also taken into account the usual
theory for these systems is recovered.
II. GROUND STATE ENERGY AND
BOGOLIUBOV’S TRANFORMATIONS
In order to obtain the properties of the ground state
energy of a one–dimensional condensate, let us propose
the following N-body one–dimensional Hamiltonian
Hˆ =
∑
p=0
p2
2m
aˆ†paˆp +
U01D
2L
∑
p=0
∑
q=0
∑
r=0
aˆ†qaˆ
†
raˆq+paˆr−p,(1)
where U01D is the one dimensional self interaction pa-
rameter which describes the interactions within the con-
densate with L the corresponding characteristic length
(width) of the system. Also, we assume that the cre-
ation and annihilation operators satisfy the usual canon-
ical commutation relations for bosons. Additionally, the
case p = 0 depicts the corresponding ground state level.
Under these circumstances we assume that below the con-
densation temperature N0 ≈ N and
∑
p6=0Np << N ,
being N the total number of particles, Np the number
of particles in the excited states, and N0 the number of
particles in the ground state.
It is noteworthy to mention that one–dimensional
Bose–Einstein condensates has some pathological behav-
ior in the thermodynamic limit [7]. In order to make the
condensation possible, finite size effects of the system are
required and consequently, the ground state energy per
particle contributions must be taken into account. In
other words, we will assume that the ground state is not
the level p = 0. Instead of this fact, we will assume
that the minimum value for the momentum p is given by
p0 = ~/L [7] which is a consequence of the Heisenberg’s
uncertainty principle. In this scenario, we will prove that
when the Bogoliubov’s approximation is valid, we recover
the results obtained in Refs. [8], but corrected by the fi-
nite size effects of the system, which is a remarkable result
by itself.
Keeping terms up to second order in aˆ0, and consistently,
within the same order of the approximation we assume
that 〈aˆ†0aˆ0〉 ≈ 〈aˆ20〉 ≈ 〈
ˆ
a†
2
0 〉 ≈ N . Thus, the Hamiltonian
(1) can be re-expressed as follows
Hˆ =
U01DN
2
2L
+
(~/L)2
2m
N +
∑
p6=p0
p2
2m
+
U01DN
L
aˆ†paˆp
+
∑
p6=p0
U01DN
2L
[
aˆ†paˆ
†
−p + aˆpaˆ−p
]
. (2)
The second right hand term of Eq. (2), contain contri-
butions due to the finite size effects of the system.
At this point it is appropiated to mention that the
Hamiltonian for a one-dimensional Bose-Einstein conden-
sate with a δ-interacting potential can be diagonalized via
Bethe anzats [8]. In such a case, the energy per particle
was deduced and is given by
En =
~
2
2m
n2e[g(n)], (3)
where e[g(n)] is function of the parameter g(n) =
U01D/n, with n the corresponding density of particles.
From the expression (3) two limits can be obtained
En ≈ π
2
~
2
6m
n2, (4)
En ≈ U01D
2
n, (5)
where Eq. (4) corresponds to the low density limit asso-
ciated with the case of infinitely strong interactions, usu-
ally referred as a gas of impenetrable bosons or Tonks–
Girardeau gas [9]. Let us add that expression Eq. (4) for-
mally coincides with the one for free fermions which sug-
gest some kind of Bose–Fermi duality in one–dimensional
systems [9, 10]. Conversely, Eq. (5) depicts the high den-
sity limit. The high density limit corresponds to the
Thomas–Fermi energy functional [11] (Clearly, integrated
over the corresponding volume times the number of parti-
cles) first introduced by Bogoliubov [12]. We must men-
tion that the in three–dimensional case the mean–field
approximation is valid for low densities contrary to the
one–dimensional case where it is valid at high densities.
In other words, the Bogoliubov’s theory should be cor-
rect for small values of g(n). Thus, if we assume that
the Bogoliubov’s formalism is valid, i.e., the system lies
in the high density limit then, without of loss of gener-
ality, we are capable to applied from the very beginning
the pseudo–potential method in order to diagonalize our
Hamiltonian (7). However, as we will see later in the
manuscript, a novel ingredient is needed, i.e., also finite
size effects are required for the system.
In order to obtain the ground state energy associated
with our system, let us diagonalize the Hamiltonian (7)
by introducing, as usual within this approximation, the
so-called Bogoliubov’s transformations [13, 14] which we
assume valid also in one–dimension:
aˆp =
bˆp − αpbˆ†−p√
1− α2p
, aˆ†p =
bˆ†p − αpbˆ−p√
1− α2p
, (6)
3where α2p is the Bogoliubov’s coefficient. The opera-
tors bˆ†p and bˆp are also creation and annihilation oper-
ators. It is straightforward to show that these operators
also obey the canonical commutation relations for bosons
[14]. Inserting the Bogoliubov transformations (6) into
the Hamiltonian (2), we are capable to obtain the follow-
ing diagonalized Hamiltonian
Hˆ =
U01DN
2
2L
+
(~/L)2N
2m
+
∑
p6=p0
√
ǫp
(
ǫp +
2U01DN
L
)
bˆ†pbˆp
− 1
2
∑
p6=p0
[
U01DN
L
+ ǫp −
√
ǫp
(
ǫp +
2U01DN
L
)]
. (7)
In the above expression we have defined ǫp = p
2/2m,
i.e., ǫp is the energy for a single free particle. Notice
that the last summation in the Hamiltonian (7) would
be divergent as (U01DN/L)
2/2ǫp, as can be seen by per-
forming an expansion of the last term in equation (7)
for large p. We assume that the pseudo-potential Ups(x)
can be expressed, without of loss of generality in one di-
mension as Ups(x) = U01Dδ(x)d/d x(x ∗ ) where the ∗
represents the usual product and δ(x) is the Dirac Delta
function. Thus, for all practical purposes the divergence
can be expressed as (1/p2). This leads to 1/x in the
configuration space, after the application of the Fourier
transform. Additionally, as was pointed out in Ref. [8],
if the Fourier transform of the pseudo potential is every-
where nonnegative, then the Bogoliubov’s formalism is
correct, which in fact corresponds to the case deduced
here. Therefore, these facts reinforce our approach, i.e.,
when Bogoliubov’s theory is valid, it could be useful to
describe some properties caused by finite size effects of
the system. Thus, even in this scenario, the action of the
pseudo potential Ups removes the divergence.
Consequentely, our Hamiltonian is now given by
Hˆ =
U01DN
2
2L
+
(~/L)2N
2m
+
∑
p6=p0
√
ǫp
(
ǫp +
2U01DN
L
)
bˆ†pbˆp
+
∑
p6=p0
{
− 1
2
[
U01DN
L
+ ǫp −
√
ǫp
(
ǫp +
2U01DN
L
)
(8)
−
(U01DN
L
)2 1
2ǫp
]}
.
In order to obtain the ground state energy, we replace the
last summation in the above equation by an integration
together with the following dimensionless variable z2 =
ǫpL/U01DN . Then, the following expression associated
with the ground state energy of the system is obtained
E0 =
U01DN
2
2L
+
(~/L)2
2m
N
− L
√
2m
4π~
(U01DN
L
)3/2 ∫ ∞
γ
f(z) dz, (9)
where the function f(z) is given by
f(z) = 1 + z2 − z
√
2 + z2 − 1
2z2
. (10)
Notice that we have taken into account that the lower
limit in the integral is not zero. The lower limit that
takes into account the energy of the ground state, and
consequently, finite size effects of the system is given by
the following expression
γ2 =
( L
U01DN
)(~/L)2
2m
. (11)
We must mention that if we take γ = 0 (which corre-
sponds to the case p = 0) in the integral Eq. (9) clearly
becomes divergent, and the condensation is never reached
at finite temperature in the thermodynamic limit. In
other words, finite size effects of the system must be in-
cluded in order to reach the condensation at finite tem-
perature and consequently we recover the usual results
deduced in Ref. [8].
On the other hand, from the N–body Hamiltonian (8),
we are able to recognize the energy of the Bogoliubov’s
excitations
Ep =
√
ǫp
(
ǫp +
2U01DN
L
)
. (12)
The limit p → 0, associated with the above expression,
leads to the following dispersion relation
Ep = p
√
U01DN
mL
, (13)
which is identical to that for a phonon, i.e., proportional
to the momenta.
Conversely, at the high–energy limit, p → ∞, expres-
sion (12) reads
Ep = ǫp +
U01DN
L
, (14)
which basically is the single particle energy spectrum cor-
rected by the mean field contributions.
The crossover between the phonon spectrum (13) and
the single particle behavior (14) allows to define the cor-
responding healing length
ξ =
1√
2mU01DN/L~
2
, (15)
in other words, we recover the usual results.
Finally, let us made some comments about the func-
tional form of U01D . We assume that the one dimensional
parameter U01D is given by [15]
U01D = −
2~2
ma1D
, (16)
4where a1D is the scattering length in one dimension. The
above expression suggest that the one-dimensional scat-
tering length is function of the three dimensional scatter-
ing length a3D, as in trapped Bose-Einstein condensates.
Thus, a1D seems to be
a1D = − L
2
2a3D
(
1− C a3D
L
)
≈ − L
2
2a3D
, (17)
where we have assumed that a3D is much smaller than
L. In this approximation the one dimensional self–
interaction parameter is given by
U01D ≈
4~2a3D
mL2
. (18)
III. SPEED OF SOUND AND FINITE SIZE
CORRECTIONS
On another matter, we are capable to obtain from
Eq. (9) the ground state energy E0 associated with our
one–dimensional N-body Hamiltonian
E0 =
U01DN
2
2L
+
(~/L)2
2m
N
− L
√
2m
4π~
(
U01DN
L
)3/2[
2
√
2
3
− 1
2γ
− γ
]
. (19)
Consequently, we are capable to obtain the corresponding
speed of sound c0 by using the following definitions
c20 = −
L2
Nm
(∂P0
∂L
)
= c1 + c2, (20)
where P0 = −(∂E0/∂L) is the corresponding ground
state pressure. In the previous expression we have de-
fined
c1 =
24a3D~
2N
L3m2
−
42a3D~
√
a3D~2N
L3m
πL2m3/2
,
c2 =
396 a23D~N
√
a3D~2N√
2L3m
πL3m3/2
+
35~
√
a3D~2N
L3m
8
√
2πLm3/2N
+
3~2
L2m2
,
Here we also recover the results obtained in Refs. [8]
concerning to the speed of sound plus corrections due to
the finite size effects of the condensate, which are encoded
in c2.
In order to analyze the sensitivity of our system to
the corrections caused by the finite size effects of the
system, we will take fiducial laboratory conditions over
the parameters related to the model as, N ∼ 104 par-
ticles, a3D ∼ 10−9 m, and m ∼ 10−26 kg, [2]. To-
gether with L ∼ 10−3m. In our case we assume that
the corresponding speed of sound is of order 3 × 10−3
ms−1, i.e., the same order of magnitud as in a three–
dimensional Bose-Einstein condensate [16]. It is clear
that although, from the experimental point of view there
is no a real one–dimensional condensate, it is possible
to construct a quasi-one-dimensional condensate just by
using extremely anisotropic traps [17]. Then, as a first
step, the use of this experimental accuracy is justified in
order to analyze the sensitivity of the system to finite
size corrections.
The experimental parameters mentioned above allows
us to estimate the relative shift caused by finite size ef-
fects of the system, which can be inferred up to
∆c0
c1
≡ c0 − c1
c1
≈ 10−5 . (21)
where c1 is the usual value without finite size effects cor-
rections. The relative shift in the speed of sound is of
order ∼ 10−5ms−1, i.e., at least two orders of magni-
tude smaller than the typical value 10−3ms−1, in typi-
cal experimental conditions. However, if we assume that
the scattering length is of order 10−6 then, the relative
shift expression (21) can be inferred up to 10−2. In other
words, the sensitivity to finite size corrections for this toy
model is more viable when the strength of interactions is
considerable.
The problem of large values of a3D can be solved, in
principle, just tuning the interaction coupling by Fes-
hbach resonances to different values of the scattering
length a3D, and then, modulate the contribution of in-
teractions on the speed of sound below the finite size in-
duced shift for a sufficient dense systems. Nevertheless,
these facts could affect the stability of the condensate and
can give rise to technical difficulties. Furthermore, this
scenario must be extended to a more realistic situation,
i.e., one-dimensional trapped Bose-Einstein condensates.
IV. CONCLUSIONS
We have analyzed a homogeneous one–dimensional
Bose–Einstein condensate assuming that the Bogoli-
ubov’s formalism is valid. Even more, in order to obtain
the usual theory related to these systems and also obtain
well defined ground state properties, finite size effects
must be taken into account. We have calculated the cor-
rections on the ground state energy and consequently the
corrections in the corresponding speed of sound, caused
by finite size effects of the corresponding system. These
facts leads to a shift in the associated speed of sound of
order 10−5 in typical laboratory conditions.
We must empathize that this model could be inter-
preted as a some kind of toy model, since as far as we
know, homogeneous condensates are not possible in ex-
periments, i.e., there is no condensates in a box. Realis-
tic condensates are bosonic systems trapped in magnetic
traps among others [2, 7]. Nevertheless, the model ana-
lyzed here open up the opportunity to extend these ideas
to more realistic systems, i.e., trapped condensates in one
5or two dimensions, in order to analyze the sensitivity of
these systems to finite size effects. Furthermore, the re-
sults exposed in the present work could be also used as
test tools in some lines of gravitational physics from the
phenomenological point of view [18].
Finally, we stress that the many-body contributions in
a Bose-Einstein condensate open the possibility of plan-
ning specific scenarios that could be used, in principle, to
analyze the sensitivity of these low–dimensional systems
to finite size effects.
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